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?????,???????????,?????,??
????????????????. ???, ?????
??????????????, ??????????
????, ??????????????. ?????,
?????????????????????????
???????????????. ???, ??, ???
???????????????, ?????????
????????????????????????.
3 ????????????
????, ?????????????? [1] ????
?????????????????????????
?????????. ?, ???????????, ??
?, ??????, ????, ?????, ????, ??
???? 6??????????, ????, ?????
???????????????????? [4] ???
?????. ???? ‘?? 23???????????
???? ?????? 1?6?’ [5] ???? “??”??
???????????? 2???.
?? ??? ???????????
????????, ?????????
1 ?????? (2) ?????????????
?????????????, ??????????
????????????????????
4 ??
???????cm2, m2, km2, a, ha?
????, ?????????????, ????
?1m2 ???
???????????????
???????????????
????? ??????????
?????????????????????
??????????
??????, ??????????????
5 ????????????, ???
?????????????????
??
????????????????????????
???, ??????????????, ???
??????????????????? (????????)
?????????????
??????????????????
??????, ???????????????????
????? ?????????? (? 1, ? 2??)
???????????? (??, ??)???
6 ??????
????
??????????
????????????
??????
??? ???????????, ????????
?2: ????????????????????
? 2??, ? 1??????????????????
?????????????????. ???????
??????? [1]??, ??????????????
?, ????????????????, ??, ??, ?
???????????????????, ???, ??
?????????????????????????
?????????????????????????
??????????. ?????, ?????????
?, ???????????????????????
???. ??, ? 2?????????????.
3.1 ?????? (2)
???????????????? (1)? ??, “???
?” ???? “??”?, ????? “????”???
? “?? (??)”?????????????????
?. ???, ????????? (2)?????, ???
??????????????. ??????, ??, ?
???????? (??)??????????????
??????. ??, ???????????????
??????, ??????????????????
???????. ???????????? 2????
??????????? “??”??????????
?????????????. ??????,?????
????????????????? (??????)?
????? (??, ?? (A)???)?????????
???????????????.
??, 5×5 ????????, 2??????????
????????? (????, ??????)????
??????, ??????????????????
??????????????????. ??????
??, ???????????, ??????? “??”
??????????, ??????????????
? “??”?????????????. ??????
????????????, ????????????
?????, ?????????????, ??????
??????????????????????????
? (??, ?? (B1))???????????????.
?????????????????????, ???
???????????,???????, ??????
?????????????????????????
(??, ?? (C)???)??????????????.
3.2 ?? (4??)
1????????????????, ????????
?????????????, 4???????????
??, ?????????????????. ????,
?????????????????????????
???????????, ????????. ????,
2
????????????????, ????????
???????????????????????. ?
?????????????????, ???????
????, ????????, ???????????
?????????. ??? 1???????????
(A), (B1), (C) ??????????????????
??(??, ?? (B2)???)????????????
??????????.
???,?????????????????????
????????, ????????????????,
??????????????????????????
????????????. ????????????
?????????, ???????????????
?????????????. ???, ????????
?????????????????????????
??????????????. ??????????
???????????, ???????, “?????
??????????????, ??????????
???????. ???, ??????????????
????????????.
??????????????. ???, 1?? 1cm?
????????????????.?
??????????????????????? (?
????????????) ????????????
??. ???, ??????????????????
?????????????????????????
???????. ???????????????? 1
?? 1cm?????????????????????
??????, ?????, ?????????????
????????????. ??, ????? 1???
?????????????????????????
??? (?????????????? (B1)? (C)??
?). ??????, ???????????1?? 1cm
???????? 1cm2??????????????
???????.
???, ????????????????????
???????????????????. ???, ?
??,??????????????????????.
?????? = ?×?
?????? = 1? × 1?
??? 1cm2 ???????, ???????????
??????????????????, ??????
????. ?????, ???????, ??????,
????????? (cm)?????????????
?????????????????????????
?????????.
???, m2(??????)???,?????????
??. ??????, ???????????, ????
???????????????????????. ?
?????????????????????????
?, ???????????????????????,
?????????????????????????
?????????????. ???????????
?, ?????????????????????. ??
?, 1?? 1cm???????????? 1?????
??????, 1?? 1m???????????? 1?
??????????????. ???????, cm2
? m2 ???????????, ??????????
?????? 1??????????????????
????????. ????????? 1?? 1m??
??????, 100× 100 = 10000 (cm2) ?????, ?
?????? (cm2)?????? (m2)???????
?. ???????, ????????????????
???????????, ?????????????
????, ????????????????????
????. ???????????, ????? cm, ?
???? m ???????????????????
??????????????????.
???, ????????????????????
?????????????????. ???????
??????? 1?????????. ???????
?1: ???????
??????????????????, ??????
?????????????????????????
???????????????. ?????????
? (C)? (B1)?????????????1.
???, cm2 ??????????? km2 (????
????) ? a (???), ha (?????) ??????
??????. ??????, ???????????
???????????????????.
1?, ??????????????????????, ?? (C) ?
????????.
3
小学校における面積指導の概観
− 159−
????????????????, ????????
???????????????????????. ?
?????????????????, ???????
????, ????????, ???????????
?????????. ??? 1???????????
(A), (B1), (C) ??????????????????
??(??, ?? (B2)???)????????????
??????????.
???,?????????????????????
????????, ????????????????,
??????????????????????????
????????????. ????????????
?????????, ???????????????
?????????????. ???, ????????
?????????????????????????
??????????????. ??????????
???????????, ???????, “?????
??????????????, ??????????
???????. ???, ??????????????
????????????.
??????????????. ???, 1?? 1cm?
????????????????.?
??????????????????????? (?
????????????) ????????????
??. ???, ??????????????????
?????????????????????????
???????. ???????????????? 1
?? 1cm?????????????????????
??????, ?????, ?????????????
????????????. ??, ????? 1???
?????????????????????????
??? (?????????????? (B1)? (C)??
?). ??????, ???????????1?? 1cm
???????? 1cm2??????????????
???????.
???, ????????????????????
???????????????????. ???, ?
??,??????????????????????.
?????? = ?×?
?????? = 1? × 1?
??? 1cm2 ???????, ???????????
??????????????????, ??????
????. ?????, ???????, ??????,
????????? (cm)?????????????
?????????????????????????
?????????.
???, m2(??????)???,?????????
??. ??????, ???????????, ????
???????????????????????. ?
?????????????????????????
?, ???????????????????????,
?????????????????????????
?????????????. ???????????
?, ?????????????????????. ??
?, 1?? 1cm???????????? 1?????
??????, 1?? 1m???????????? 1?
??????????????. ???????, cm2
? m2 ???????????, ??????????
?????? 1??????????????????
????????. ????????? 1?? 1m??
??????, 100× 100 = 10000 (cm2) ?????, ?
?????? (cm2)?????? (m2)???????
?. ???????, ????????????????
???????????, ?????????????
????, ????????????????????
????. ???????????, ????? cm, ?
???? m ???????????????????
??????????????????.
???, ????????????????????
?????????????????. ???????
??????? 1?????????. ???????
?1: ???????
??????????????????, ??????
?????????????????????????
???????????????. ?????????
? (C)? (B1)?????????????1.
???, cm2 ??????????? km2 (????
????) ? a (???), ha (?????) ??????
??????. ??????, ???????????
???????????????????.
1?, ??????????????????????, ?? (C) ?
????????.
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3.3 ?? (5??)
4????????????????????????
??????????????. 5??????×???
????, 1????? (??)???????????
???????. ?????? 2.3cm, ?? ? 3.4cm ?
???????, 1?? 0.1cm ???? 100?? 1??
1cm ???????????, 1?? 0.1cm ?????
??? 0.01cm2 ?????, ?????????, 1??
0.1cm????? 23×34 = 782???????, ???
?? 782 × 0.01 = 7.82cm2 ???????? 2.3 × 3.4
????????????????? (?? (B1)? (C)
??????).
5??????????????, ?????, ??, ?
?????????????????. ???????
??,????????????, ??????????
??????????????????????, ???
???????????? 2?????????. ??
???????????????????????. ?
??????????????????, ??????
?????????????. ????, ??????
????????????, ? 2??????????
???.??, ???????????????????






?2: ??? 2 ???????
????, ????????????????????
????????, ????????????????
????????????????, ?????, ???
?????? 180◦, ????????? 360◦ ????
??????????. ???, 4??????????
????????????, 1????? 1?????
?????????????????????????
??????????????. ????, ?????
??????????? (?? (B1), (B2))?????
???????????????? (?? (C))????
????????????????, ????????
??????????????. ???, ???????
???????? (B1), (B2), (C) ?????????
????????????????????.
???, ?????????????, ???????
??????????????????????. ??
?????????????????????????
2????????????, ??? 2???????
???????, ????????????, ?????
?????????????????????????
??, ??????????????????????
???.
?????? =??×??÷ 2
??????????????????????????
?????????????????. ???, ???
??, ??, ???????, ????????????
??????????. ?????? (B1), (B2), (C)?
???????.
3.4 ?? (6??)
??, 5?????????, ?????×??????
???????????? 1????????????
????. ????????????, ???????
? 13 ? 15 ????????????????????
???, ??????????? (B1), (C) ?????
?????????????.
???????, ??????????????, ??
????????????????????????,?
?????????????????? 1??????.
????????????, ????????????
???????????????????. ??, ??
??????????, ??????????????
??????????, ??? 1??????????
? 2?????? 4????????????????
??????????? (?? (A)??????). ??
?????????, ???????????????
??????????????????????, ??
????, ??? 1????????? 3.1?????
???????????????2.
???, ??????????????, ?????
?????????????????????????.
???? (B1), (B2), (C) ??????????, ??,
??????????. ??????????????,
?????, ??????????????????, ?
???????????????, ?????????
???? (?, ??? 3.14???, ?????????
?).
????????????????????????
2?, ?????????????? 0.5 cm2 ?????????
??, ????????????????, ????????????
?????????.
4
????????????????. ????????
???, ???????????. ???????, ??
????????????, ????????????
???????????????????????. ?
?????????????, ?? (A)???????
??????????? (?????)????????
?????. ????????????????, ??
??????????????????????, ??
??????????????, ?????????, ?
????????????????????.
3.5 “??”???????????
?????????????, ???????? “??”
?????????????????????? 4??
????? (???????????. ???????
??????).
(I) 1?? 1???????? 1???.
(II) ????? 2?, ??????????????,
??????????????????,????
??????????.
(III) ???????, ??, ???)????????
???.
(IV) ????? 2 ????????, ???????
??????????????????.
?, ??? 2????????, ???????????
????, ?????????, ???????????
?????. ??, (III) ????????????, ?
?????????????, ??? “????????
????”(??????????)?????????
??.
????????????????????, ???
?????????????? 4??????????
?????????.
?? (I)?(IV)????????????, (I)???
??1?? 1???????? a????(??? a > 0
???)?????, (II)?(IV)???????????
???, ????? a????????. ?? (I)???
??1?? b???????? 1????(??? b > 0
???)?????????, ????? 1/b2 ????
????. ????? (I) ?????????????
?????????????. ???????????
???????????????????.
?????, ??????????????????
?????????????????. ????? (??
????)????????????????????
????? 19????? 20??????????. ?
?????????????????????????
?????. ?????????????.
4 ??
????, ????? “??”????????????
???????????. ?, ?????? [6], [8], [9]
????????. ?????????? “??”???
????????????????????.
?? 4.1 (σ-???). ?? Ω ??????? F ? σ-
?????????????????????:
(i) Ω ∈ F .
(ii) A ∈ F ??? Ac ∈ F .
(iii) Ak ∈ F (k ∈ N) ???
∞∪
k=1
Ak ∈ F .
??? (iii) ???????????????????
?, F ?????????:
(iii′) A1, A2 ∈ F ??? A1 ∪A2 ∈ F .
??? Ac ? A ? (Ω ?????????)????
??.
∞∩
k=1
Ak =
( ∞∪
k=1
Ack
)c
??????, Ak ∈ F (k ∈ N) ???
∞∩
k=1
Ak ∈ F ??
??. ??, ∅ ????????, ∅ = Ωc ∈ F ???.
(iii) ? Ak = ∅ (k ≥ 3) ????, (iii′) ??????
?, σ-????????????. ?????????
??3.
???, ????? “??”?????, ??????
?????????. ????? “??”? ∞ ????
??????????4. “??”??????????
???????????????.
3?, (iii′) ??????????, ??????????????:
(iii′′) K ???????. A1, A2, . . . , AK ∈ F ???
K∪
k=1
Ak ∈ F .
4??? a ∈ R ????, a < ∞ ???. ?? a ∈ R ∪ {∞} ?
??? a + ∞ = ∞ + a := ∞ ????. ?? a > 0 ?????
a · ∞ = ∞ · a := ∞ ??, 0 · ∞ = ∞ · 0 = 0 ?????. ??? ∞
???????????????.
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????????????????. ????????
???, ???????????. ???????, ??
????????????, ????????????
???????????????????????. ?
?????????????, ?? (A)???????
??????????? (?????)????????
?????. ????????????????, ??
??????????????????????, ??
??????????????, ?????????, ?
????????????????????.
3.5 “??”???????????
?????????????, ???????? “??”
?????????????????????? 4??
????? (???????????. ???????
??????).
(I) 1?? 1???????? 1???.
(II) ????? 2?, ??????????????,
??????????????????,????
??????????.
(III) ???????, ??, ???)????????
???.
(IV) ????? 2 ????????, ???????
??????????????????.
?, ??? 2????????, ???????????
????, ?????????, ???????????
?????. ??, (III) ????????????, ?
?????????????, ??? “????????
????”(??????????)?????????
??.
????????????????????, ???
?????????????? 4??????????
?????????.
?? (I)?(IV)????????????, (I)???
??1?? 1???????? a????(??? a > 0
???)?????, (II)?(IV)???????????
???, ????? a????????. ?? (I)???
??1?? b???????? 1????(??? b > 0
???)?????????, ????? 1/b2 ????
????. ????? (I) ?????????????
?????????????. ???????????
???????????????????.
?????, ??????????????????
?????????????????. ????? (??
????)????????????????????
????? 19????? 20??????????. ?
?????????????????????????
?????. ?????????????.
4 ??
????, ????? “??”????????????
???????????. ?, ?????? [6], [8], [9]
????????. ?????????? “??”???
????????????????????.
?? 4.1 (σ-???). ?? Ω ??????? F ? σ-
?????????????????????:
(i) Ω ∈ F .
(ii) A ∈ F ??? Ac ∈ F .
(iii) Ak ∈ F (k ∈ N) ???
∞∪
k=1
Ak ∈ F .
??? (iii) ???????????????????
?, F ?????????:
(iii′) A1, A2 ∈ F ??? A1 ∪A2 ∈ F .
??? Ac ? A ? (Ω ?????????)????
??.
∞∩
k=1
Ak =
( ∞∪
k=1
Ack
)c
??????, Ak ∈ F (k ∈ N) ???
∞∩
k=1
Ak ∈ F ??
??. ??, ∅ ????????, ∅ = Ωc ∈ F ???.
(iii) ? Ak = ∅ (k ≥ 3) ????, (iii′) ??????
?, σ-????????????. ?????????
??3.
???, ????? “??”?????, ??????
?????????. ????? “??”? ∞ ????
??????????4. “??”??????????
???????????????.
3?, (iii′) ??????????, ??????????????:
(iii′′) K ???????. A1, A2, . . . , AK ∈ F ???
K∪
k=1
Ak ∈ F .
4??? a ∈ R ????, a < ∞ ???. ?? a ∈ R ∪ {∞} ?
??? a + ∞ = ∞ + a := ∞ ????. ?? a > 0 ?????
a · ∞ = ∞ · a := ∞ ??, 0 · ∞ = ∞ · 0 = 0 ?????. ??? ∞
???????????????.
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?? 4.2 (??). Ω ???, Ω ??????? F ? σ-
??????. ?? µ : F → [0,∞) ∪ {∞} ? (Ω,F) ?
????????, ?????????????:
(1) µ(∅) = 0.
(2) Ak ∈ F (k ∈ N)????????,???? j ̸= k
??? Aj ∩Ak = ∅ ?????,
µ
( ∞∪
k=1
Ak
)
=
∞∑
k=1
µ(Ak).
F ??????????, ?? (1) ???, ?? (2′)
???????, ?? µ : F → [0,∞)∪{∞} ?????
??? (???????????)???:
(2′) A1, A2 ∈ F ??????????,
µ(A1 ∪A2) = µ(A1) + µ(A2).
µ ? (Ω,F) ????????, ??????????
?????????????.
?? 4.3. µ ? (Ω,F) ???? (????????
???) ???. A,B ∈ F ???? A ⊂ B ???
µ(A) ≤ µ(B) ?????.
??, B = A∪ (Ac ∩B) ??? A∩ (Ac ∩B) = ∅ ??
??? µ(B) = µ(A) + µ(Ac ∩B) ≥ µ(A) ?????.
?? 4.4. µ : F → [0,∞) ∪ {∞} ? (2) ?
(1′) µ(A) <∞ ??? A ∈ F ?????
????? µ ? (Ω,F) ???????. ??????.
??????????????????????.
??, p = µ(∅)???, (2)? A1 = A, Ak = ∅ (k ≥ 2)
????????
µ(A) +
∞∑
k=2
p =
∞∑
k=1
µ(Ak) = µ
( ∞∪
k=1
Ak
)
= µ(A) <∞
??, p = 0 ??? (??? (2′) ????? µ(A) + p =
µ(A) + µ(∅) = µ(A ∪ ∅) = µ(A) < ∞ ??, p = 0 ?
??). ??? (1) ?????. ?? (1) ??????
A = ∅ ??? (1′) ?????.
??? R2 ????, (??????????)“??”
????? F ???????? (“??”? R2 ???
????????). ?????????? “??”??
?????, “??”????????, ?? “??”??
????????????, “??”???? F ???
???????????????. ??? A ∈ F ??
?? µ(A) ????????????????????
??????????:
(1′′) µ
(
[0, 1]× [0, 1]) = 1 ???.
(2′′) A1 ? A2 ???? A1∩A2 ??????????
???????????????5, µ(A1 ∪A2) =
µ(A1) + µ(A2).
(3) O ? R2 ?????6?????, A ∈ F ???
O(A) ∈ F ????, µ(O(A)) = µ(A).
(4) A ⊂ B ???, µ(A) ≤ µ(B).
(1′′)? (1′)?????????, (2′′)?? (2′)????
?, ?? 4.4?? µ???????????. ?????
?? 4.3?? (4) ???????????????. ?
?????????? (1′′), (2′′), (3) ???. ????
??????? “??”??????????????
??????????????, ??????????
??????????. ?? R2 ??????????
???????????????? (?????)???
????.
I ? R ???????? [a, b], (a, b), (a, b], [a, b) ?
????????????? (a = −∞ ? b = ∞ ??
?). ??? (a, b) = {x ∈ R | a < x < b}, (a, b] = {x ∈
R | a < x ≤ b} ?????. |[a, b]| = |(a, b)| = |(a, b]| =
|[a, b)| := b− a ???7.
R2?????A??????????, I1×J1, . . . , IK×
JK ????????????????? I1, . . . , IK ?
J1, . . . , JK ????
A =
K∪
k=1
(Ik × Jk)
?????????. ????
m(A) :=
K∑
k=1
|Ik| |Jk|
???. A ????? 1?????????, m(A) ??
?????????????????????. ???
5????????????????, ????????????
??????????, ????????????.
6O ? R2 ??????????, O ???????? (???
|O(x)| = |x| ? x ∈ R2 ????????) ???????????
???. R2 ?????????, ????, ????, ???????
?????????????.
7a = −∞ ??? b = ∞ ????, b− a = ∞ ????.
6
?????? E ????, E ?????????. ??,
m? (R2, E)????????????. ?????, ?
? I, J ???? I × J ????8???, |I| |J | ???
?????. ???????????????????
????????????????????, ????
? ‘????????????’??????????.
??? A ⊂ R2 ????
m∗(A) := inf
{ ∞∑
k=1
m(Bk)
���A ⊂ ∞∪
k=1
Bk, Bk ∈ E
}
???9, ??? A ???????????. ????
?, A ??????????????????????
?????????????????. ???????
?????????, ???????????????
?????????, ???????????????
???????????????. ?????????
???????????????????, ?????
?????????????????.
Ak ? R2 ?????????
m∗
( ∞∪
k=1
Ak
)
≤
∞∑
k=1
m∗(Ak)
???????????????, ?????????
?????? Ak ?????????????????
??. ???, k ∈ N ???? Ak ?????????
(???????????????????)???,
m∗
( ∞∪
k=1
Ak
)
=
∞∑
k=1
m∗(Ak)
?????10. ?????????????????
?: A ⊂ R2 ??????????????, ???
????? ε ???????, ????? U ????
m∗(A∩U c) < ε ????????. ?????????
??????,???????????????????
???????. ???????????? L????,
L ? σ-??????, A ∈ L ???? µ(A) := m∗(A)
????, µ ? (R2,L) ???????. ??????
????????.
8[a, b]× [c, d] ?????????, (a, b)× (c, d) ???????
????. (a, b] × (c, d] ????????????, ???????
???.
9X ⊂ [0,∞) ∪ {∞} ?????, m ≤ x ???? x ∈ X ???
???????? m ∈ [0,∞) ∪ {∞} ????????? infX ?
??. infX ? [0,∞) ∪ {∞} ??????????.
10??? A ????, ????????? Bk (k ∈ N) ? A =∪∞
k=1Bk ??m∗(A) =
∑∞
k=1m(Bk) ?????????????
???.
????????????????????????
????????????. ????????, R2 ??
???????????????????????. ?
???????????????????????. ?
??, ??????????????????????
?????????, ?? “??”??????????
???????????????????????.
???????????????, (1′′) ??????
?????. ??????????, ?????? 0 ?
????????11. ?????, ??????????
?????? 0 ???. ???????? (2′′) ???
?????????. ??, A1 ∩A2 ?????????
?????, ???????? µ(A1 ∩ A2) = 0 ???.
??? µ(A1) = µ(A1 ∩Ac2) + µ(A1 ∩A2) = µ(A1 ∩Ac2)
???. ??? µ(A2) = µ(A2 ∩ Ac1) ???. A1 ∩ Ac2,
A2 ∩Ac1, A1 ∩A2 ????????, ????????
A1 ∪A2 ???. ?????
µ(A1 ∪A2) =µ(A1 ∩Ac2) + µ(A2 ∩Ac1)
+ µ(A1 ∩A2) = µ(A1) + µ(A2)
???, (2′′) ?????. ?????????, ????
????????, ????????????????,
A ∈ L ?????, ????????????????
??????????????????. ???? O ?
????, ????????????????????
??????, Ek ∈ E (k ∈ N) ????????, ??
? ε > 0 ????, Fk ∈ E ????,
∞∪
k=1
O(Ek) ⊂
∞∪
k=1
Fk,
∞∑
k=1
m(Fk) ≤
∞∑
k=1
m(Ek) + ε
???????????12, O(A) ∈ L???m∗(O(A)) =
m∗(A) (???? µ(A) = µ(O(A)))????????
?. ??? (3) ???.
????, F = L, µ ???????????????
????????????????????. ????
?????????? R2 ?????????? Rn ?
????????????????. ?? R3 ????
???????????????. ?, A ∈ L ????
???????????????, R2 (???? R) ?
?????????????????????????
11??? L = {(x, 1) | a ≤ x ≤ b} ? ε > 0 ????????
[a, b]× [1− ε/2, 1 + ε/2] ???????????, µ(L) ≤ ε(b− a)
???. ε > 0 ????????? µ(L) = 0 ???.
12????? m∗(O(A)) ≤ m∗(A) + ε ???? ε > 0 ????
?????? m∗(O(A)) ≤ m∗(A) ???. ??, A = O−1(O(A))
? O−1 ???????? m∗(A) ≤ m∗(O(A)) ???, m∗(A) =
m∗
(
O(A)
) ???.
7
? 4.2 ( ?). Ω ?, Ω ? F ? σ-
?. ? µ : F → [0,∞) ∪ {∞} ? (Ω,F) ?
?, ?:
(1) µ(∅) = 0.
(2) Ak ∈ F (k ∈ N) , ? j ̸= k
? Aj ∩Ak = ∅ ?,
µ
( ∞∪
k=1
Ak
)
=
∞∑
k=1
µ(Ak).
F ?, ? (1) ?, ? (2′)
?, ? µ : F → [0,∞)∪{∞} ?
? ( ?) ?:
(2′) A1, A2 ∈ F ?,
µ(A1 ∪A2) = µ(A1) + µ(A2).
µ ? (Ω,F) ?, ?
?.
? 4.3. µ ? (Ω,F) ? ( ?
?) ?. A,B ∈ F ? A ⊂ B ?
µ(A) ≤ µ(B) ?.
?, B = A∪ (Ac ∩B) ? A∩ (Ac ∩B) = ∅ ?
? µ(B) = µ(A) + µ(Ac ∩B) ≥ µ(A) ?.
? 4.4. µ : F → [0,∞) ∪ {∞} ? (2) ?
(1′) µ(A) <∞ ? A ∈ F ?
? µ ? (Ω,F) ?. ?.
?.
?, p = µ(∅) ?, (2)? A1 = , Ak = ∅ (k ≥ 2)
?
µ(A) +
∞∑
k=2
p =
∞∑
k=1
µ(Ak) = µ
( ∞∪
k=1
Ak
)
= µ(A) <∞
?, p = 0 ? ( ? (2′) ? µ(A) + p =
µ(A) + µ(∅) = µ(A ∪ ∅) = µ(A) < ∞ ?, p = 0 ?
?). ? (1) ?. ? (1) ?
A = ∅ ? (1′) ?.
? R2 ?, ( ?)“ ?”
? F ? (“ ?”? R2 ?
?). ? “ ?” ?
?, “ ?” ?, ? “ ?” ?
?, “ ?” ? F ?
?. ? A ∈ F ?
? µ(A) ?
?:
(1′′) µ
(
[0, 1]× [0, 1]) = 1 ?.
(2′′) A1 ? A2 ? A1∩A2 ?
?5, µ(A1 ∪A2) =
µ(A1) + µ(A2).
(3) O ? R2 6 ?, A ∈ F ?
O(A) ∈ F ?, µ(O(A)) = µ(A).
(4) A ⊂ B ?, µ(A) ≤ µ(B).
(1′′)? (1′) ?, (2′′) ? (2′) ?
, ? 4.4 ? µ ?. ?
? 4.3 ? (4) ?. ?
? (1′′), (2′′), (3) ?. ?
? “ ?” ?
?, ?
?. ? R2 ?
? ( ?) ?
?.
I ? R ? [a b], (a b), (a b], [a, b) ?
? (a = −∞ ? b = ∞ ?
?). ? (a, b) = {x ∈ R | a < x < b}, (a, b] = {x ∈
R | a < x ≤ b} ?. |[a, b]| = |(a, b)| = |(a, b]| =
|[a, b)| := b− a ?7.
R2 ?A ?, I1×J1, . . . , IK×
JK ? I1, . . . , IK ?
J1, . . . , JK ?
A =
K∪
k=1
(Ik × Jk)
?. ?
m(A) :=
K∑
k=1
Ik| |Jk|
?. A ? 1 ?, m(A) ?
?. ?
5??????????????? , ????????????
????????? , ????????????.
6O ? R2 ??????????, O ??????? (???
|O(x)| = |x| ? x ∈ R2 ??????? ) ???????????
???. R2 ???????? , ??? , ??? , ???????
?????????????.
7a = −∞ ??? b = ∞ ????, b− a = ∞ ????.
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?????? E ????, E ?????????. ??,
m? (R2, E)????????????. ?????, ?
? I, J ???? I × J ????8???, |I| |J | ???
?????. ???????????????????
????????????????????, ????
? ‘????????????’??????????.
??? A ⊂ R2 ????
m∗(A) := inf
{ ∞∑
k=1
m(Bk)
���A ⊂ ∞∪
k=1
Bk, Bk ∈ E
}
???9, ??? A ???????????. ????
?, A ??????????????????????
?????????????????. ???????
?????????, ???????????????
?????????, ???????????????
???????????????. ?????????
???????????????????, ?????
?????????????????.
Ak ? R2 ?????????
m∗
( ∞∪
k=1
Ak
)
≤
∞∑
k=1
m∗(Ak)
???????????????, ?????????
?????? Ak ?????????????????
??. ???, k ∈ N ???? Ak ?????????
(???????????????????)???,
m∗
( ∞∪
k=1
Ak
)
=
∞∑
k=1
m∗(Ak)
?????10. ?????????????????
?: A ⊂ R2 ??????????????, ???
????? ε ???????, ????? U ????
m∗(A∩U c) < ε ????????. ?????????
??????,???????????????????
???????. ???????????? L????,
L ? σ-??????, A ∈ L ???? µ(A) := m∗(A)
????, µ ? (R2,L) ???????. ??????
????????.
8[a, b]× [c, d] ?????????, (a, b)× (c, d) ???????
????. (a, b] × (c, d] ????????????, ???????
???.
9X ⊂ [0,∞) ∪ {∞} ?????, m ≤ x ???? x ∈ X ???
???????? m ∈ [0,∞) ∪ {∞} ????????? infX ?
??. infX ? [0,∞) ∪ {∞} ??????????.
10??? A ????, ????????? Bk (k ∈ N) ? A =∪∞
k=1Bk ??m∗(A) =
∑∞
k=1m(Bk) ?????????????
???.
????????????????????????
????????????. ????????, R2 ??
???????????????????????. ?
???????????????????????. ?
??, ??????????????????????
?????????, ?? “??”??????????
???????????????????????.
???????????????, (1′′) ??????
?????. ??????????, ?????? 0 ?
????????11. ?????, ??????????
?????? 0 ???. ???????? (2′′) ???
?????????. ??, A1 ∩A2 ?????????
?????, ???????? µ(A1 ∩ A2) = 0 ???.
??? µ(A1) = µ(A1 ∩Ac2) + µ(A1 ∩A2) = µ(A1 ∩Ac2)
???. ??? µ(A2) = µ(A2 ∩ Ac1) ???. A1 ∩ Ac2,
A2 ∩Ac1, A1 ∩A2 ????????, ????????
A1 ∪A2 ???. ?????
µ(A1 ∪A2) =µ(A1 ∩Ac2) + µ(A2 ∩Ac1)
+ µ(A1 ∩A2) = µ(A1) + µ(A2)
???, (2′′) ?????. ?????????, ????
????????, ????????????????,
A ∈ L ?????, ????????????????
??????????????????. ???? O ?
????, ????????????????????
??????, Ek ∈ E (k ∈ N) ????????, ??
? ε > 0 ????, Fk ∈ E ????,
∞∪
k=1
O(Ek) ⊂
∞∪
k=1
Fk,
∞∑
k=1
m(Fk) ≤
∞∑
k=1
m(Ek) + ε
???????????12, O(A) ∈ L???m∗(O(A)) =
m∗(A) (???? µ(A) = µ(O(A)))????????
?. ??? (3) ???.
????, F = L, µ ???????????????
????????????????????. ????
?????????? R2 ?????????? Rn ?
????????????????. ?? R3 ????
???????????????. ?, A ∈ L ????
???????????????, R2 (???? R) ?
?????????????????????????
11??? L = {(x, 1) | a ≤ x ≤ b} ? ε > 0 ????????
[a, b]× [1− ε/2, 1 + ε/2] ???????????, µ(L) ≤ ε(b− a)
???. ε > 0 ????????? µ(L) = 0 ???.
12????? m∗(O(A)) ≤ m∗(A) + ε ???? ε > 0 ????
?????? m∗(O(A)) ≤ m∗(A) ???. ??, A = O−1(O(A))
? O−1 ???????? m∗(A) ≤ m∗(O(A)) ???, m∗(A) =
m∗
(
O(A)
) ???.
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?
?
?
ε? , A ??U
U A
σ- ??, A ∈ L? µ(A) := m∗(A)?
, µ? (R2,L)????? . ?
.
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?? (????–???????????). ??? R3 ?
????, (????????)???????????
????????????????.
5 ???????
5.1 ??? (???)??????
???????, ???????? (??)??????
??????????????????? (?????
????????????????????). ???
???????? (???????????)?, ???
????????????????????????×
?????????????????????????
????????????????. ????????
?????????????????????????
?, ????????????????????????
?. ???????????????????????
?????????. ???????????, ?? ×
???????????????????. ?????
???? 3.14 ???????, ???????????
???????, ????????????, ?????
??????, ????????????. ?????,
?????????????????????????
???.
?, 4????????????????×?????
??????????????????????. ??
??????? (IV)?????, ??????????
??????, ??????????????????
??????. p, q ??????, ????? p ? q ?
??????? µ???. ????? {pn}, {Pn}, {qn},
{Qn} ? pn ≤ p ≤ Pn, qn ≤ q ≤ Qn ??
lim
n→∞ pn = limn→∞Pn = p, limn→∞ qn = limn→∞Qn = q
?????????? (???????). ??????
????? pnqn ≤ µ ≤ PnQn. ??? n → ∞ ???
?????? pq ≤ µ ≤ pq, ???? µ = pq ???.
5.2 ????????
????, (???????????????????
????????) ???????????????,
y = f(x) ? y = g(x) ? x = a ? x = b ??????
????? (??? g(x) ≤ f(x) ???)∫ b
a
(
f(x)− g(x))dx
????????????????. ????????
??????? (II) ? (IV) ???. ????????
????? “??”?????, ???????????
?, ???????????????????? 1??
????????????. ???, ????????
???, ????????????, ?????????
????????, ????????????????,
?????????????????????????
?????13.
6 ???
?????? (??????)?????? (I)–(IV)?
???????. ????????????????, ?
?????????????, ???????????
??????. ??????, ???????????
??????????????????. ???, ??
?????, ?????????????, ??????
?????????????????, ???????
??????????????. ??, ???????
?????????????????????????
??????????????. ??????????
????, ????????????????????
?. ????????????, ?????????, ?
????????????????????.
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